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Abstract
The Johnson homomorphisms τk (k  1) give Abelian quotients of a series of certain subgroups
of the mapping class group of a surface. Morita determined the rational image of the second Johnson
homomorphism τ2. In this paper, we study the structure of the torsion part of the cokernel of
τ2. First, we determine the rank of the cokernel over Z2. Although we do it first by computing
explicitly, later we improve the proof, using the Birman–Craggs homomorphism, obtained by the
classical Rohlin invariant of homology 3-spheres. Since τ2 is equivariant with respect to the action
of the mapping class group, Im τ2 is Sp(2g;Z)-invariant and hence Sp(2g;Z) acts on the cokernel.
Moreover, computing this action explicitly, we show that the action reduces to that of the finite
symplectic group Sp(2g;Z2).  2001 Elsevier Science B.V. All rights reserved.
AMS classification: Primary 57N05, Secondary 20C33; 20F34; 57N10
Keywords: Mapping class group; Johnson homomorphism; Birman–Craggs homomorphism; Finite
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Introduction
Let Σg,1 be a compact oriented surface of genus g  2 with one boundary component
and let Mg,1 be its mapping class group, namely it is the group of all isotopy classes
of orientation preserving diffeomorphisms of Σg,1 which restrict to the identity on the
boundary. The homology functor gives the classical representation
ρ0 :Mg,1 → Sp(2g;Z)
and its kernel Ig,1 is called the Torelli group. To investigate the structure of Ig,1, first in [7],
Johnson defined a surjective homomorphism
τ1 :Ig,1 →Λ3H1(Σg,1;Z),
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and later in [8], he generalized it to a series of homomorphisms {τk} such that τk+1 is
defined on the kernel of τk and the target of τk is a free Abelian group for each k.
The problem to determine the image of the Johnson homomorphism τk seems to be
important. In this paper, we consider the second Johnson homomorphism τ2, which is
defined on the subgroup generated by all the Dehn twists along separating simple closed
curves. Morita proved in [11] that Im τ2 is the submodule of a module denoted by T and the
cokernel T / Imτ2 is isomorphic to Z⊕r2 for some r . We investigate more detailed structure
of the cokernel. In Section 2, completing the computation in [11], we determine the rank
r of the cokernel and describe a basis. The Birman–Craggs homomorphism σ , defined
in [2,6] using the classical Rohlin invariant of homology 3-spheres, also gives an Abelian
quotient of the Torelli group Ig,1. In Section 3, we observe the relationship between τ2 and
σ , which gives an alternative proof of the result of Section 2.
Since τ2 is equivariant with respect to the action of Mg,1, Im τ2 is Sp(2g;Z)-invariant
and hence Sp(2g;Z) acts on the cokernel. Hence we have a representation
R : Sp(2g;Z)→ SL(r;Z2).
In Section 4, we describe R explicitly and show that it is trivial on the kernel of the
natural projection π : Sp(2g;Z)→ Sp(2g;Z2). This implies that the cokernel of τ2 can
be regarded as an Sp(2g;Z2)-module.
1. The Johnson homomorphism
First, we recall the definition of the Johnson homomorphism introduced in [7,8]. Let
Γ0 be the fundamental group π1(Σg,1) of Σg,1, which is freely generated by 2g elements
α1, . . . , αg,β1, . . . , βg as are illustrated in Fig. 1, and let Nk be the kth nilpotent quotient
Γ0/Γk where Γk is inductively defined by Γk = [Γk−1,Γ0]. Note that N1 is naturally
isomorphic to the integral homology group H = H1(Σg,1;Z), which has a symplectic
basis a1, . . . , ag, b1, . . . , bg where ai, bi are the homology classes of αi, βi , respectively.
Let Lk be the submodule of the free Lie algebra L on H over Z consisting of all the
homogeneous elements of degree k. As is well known, the isomorphism Γk/Γk+1 ∼= Lk+1
gives a central extension 0 → Lk+1 → Nk+1 → Nk → 1. Now we define the kth Johnson
homomorphism τk on the subgroup M(k) of Mg,1 consisting of all the elements which
act on Nk trivially. Take a lift η ∈Nk+1 of h ∈H . For each ϕ ∈M(k), the correspondence
H  h → ϕ(η)η−1 ∈ Lk+1 ⊂ Nk+1 gives a well-defined homomorphism, that is, an
Fig. 1.
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element of Hom(H,Lk+1), which is isomorphic to Lk+1 ⊗ H by the Poincaré duality.
Then we obtain a map
τk :M(k)→Lk+1 ⊗H
and indeed this is a homomorphism and equivariant with respect to the action ofMg,1.
Johnson proved in [9] that M(2) = Kg,1, where Kg,1 denotes the subgroup of Mg,1
which is generated by all the Dehn twists along separating simple closed curves. Now we
consider the second Johnson homomorphism
τ2 :Kg,1 → L3 ⊗H.
We naturally identify L3 with Λ2H ⊗H/Λ3H by the surjective homomorphism Λ2H ⊗
H → L3 given by (a ∧ b)⊗ c → [[a, b], c] with the kernel Λ3H . Let T be the symmetric
power S2Λ2H included in Λ2H ⊗Λ2H ⊂Λ2H ⊗H 2 and let T be its image under the
projection Λ2H ⊗H 2 →Λ2H ⊗H 2/Λ3H ⊗H = L3 ⊗H . In [11], Morita proved that
Imτ2 is included in T and the cokernel T / Im τ2 is isomorphic to Z⊕r2 for some r . In the
following section, we determine the rank r .
2. The rank of the cokernel
Define f i1 , f
i
2 , f
ij
3 , f
ij
4 ∈ Sp(2g;Z) (i, j ∈ {1,2, . . . , g}, i = j ) by
f i1 :
{
ai → bi,
bi → −ai, f
i
2 :ai → ai + bi,
f
ij
3 :
{
ai → ai + aj ,
bj → −bi + bj , f
ij
4 :
{
ai ↔ aj ,
bi ↔ bj
and let G be the subgroup of Sp(2g;Z) generated by {f i1 }.
If we write a∧b↔ c∧d for a∧b⊗c∧d+ c∧d⊗a∧b as in [11], then T is generated
by the G-orbit of{
t iI , t
ij
II , t
ij
III, t
ij
IV, t
ij
V , t
ij
VI, t
ijk
VII, t
ijk
VIII, t
ijk
IX , t
ijkl
X |
i, j, k, l ∈ {1,2, . . . , g}, i = j = k = l, j = l = i = k},
where
t iI = (ai ∧ bi)⊗2, t ijII = (ai ∧ aj )⊗2,
t
ij
III = ai ∧ bi ↔ aj ∧ bj , tijIV = ai ∧ bi ↔ ai ∧ aj ,
t
ij
V = ai ∧ aj ↔ bi ∧ aj , tijVI = ai ∧ aj ↔ bi ∧ bj ,
t
ijk
VII = ai ∧ bi ↔ aj ∧ ak, tijkVIII = ai ∧ aj ↔ aj ∧ ak,
t
ijk
IX = ai ∧ aj ↔ bi ∧ ak, tijklX = ai ∧ aj ↔ ak ∧ al.
Define t ijII−IV, t
ijk
II−IX, t
ijk
VI∗ ∈ T by
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t
ij
II−IV = (ai ∧ aj )⊗2 + ai ∧ bi ↔ ai ∧ aj ,
t
ijk
II−IX = (ai ∧ aj )⊗2 + ai ∧ ak ↔ aj ∧ bk,
t
ijk
VI∗ = ai ∧ aj ↔ bi ∧ bj + ai ∧ ak ↔ bi ∧ bk + aj ∧ ak ↔ bj ∧ bk
and let B be the G-orbit of{
t iI , t
ij
III, t
ij
V , t
ijk
VII, t
ijk
VIII, t
ijkl
X ,2t
ij
II ,2t
ij
IV,2t
ij
VI,2t
ijk
IX , t
ij
II−IV, t
ijk
II−IX, t
ijk
VI∗ |
i, j, k, l ∈ {1,2, . . . , g}, i = j = k = l, j = l = i = k}.
We use ‘indices with primes’ to denote elements of the G-orbit of B , for example, we write
t
ij ′k
VII for f
j
1 t
ijk
VII .
Proposition 2.1. Im τ2 is generated by B .
Proof. Let ϕ1, ϕ2 ∈ Kg,1 be twists along separating simple closed curves γ1, γ2 as in
Fig. 2, respectively. Johnson proved in [5] that Kg,1 is generated by all the Dehn twists
along separating simple closed curves of genus 1 and 2, which are conjugate to ϕ1 or ϕ2.
Since τ2 is equivariant with respect to the action ofMg,1, it suffices to show the following
three properties.
(1) τ2(ϕ1) and τ2(ϕ2) can be written as linear combinations of elements of B .
(2) All the elements of B belong to Im τ2.
(3) B generates an Sp(2g;Z)-invariant submodule of T .
As computed in [11],
τ2(ϕ1)=−t1I , τ2(ϕ2)=−t1I − t2I − t12III ,
proving (1). Property (2) is mostly proved in [11] and it remains only to show that
t
ij
II−IV, t
ijk
II−IX, t
ijk
VI∗ ∈ Im τ2, which can be easily verified by computing
f 123 t
1
I = t1I + t1
′2
II−IV,
f 123 t
12′3
VII = t12
′3
VII + t21
′3
VIII + t1
′3
II−IV + t1
′32
II−IX,
f 123 t
12′3
II−IX = t12
′3
II−IX + t21
′3
II−IX + t12
′
II−IV + t1
′2
II−IV + t21
′
II−IV + t2
′1
II−IV + t1I + t2I + t123VI∗
in T ⊗ Z2. Now we prove (3). According to [4], Sp(2g;Z) is generated by f 11 , f 12 , f 123 ,
f
ij
4 . Clearly the submodule generated by B is invariant under the actions of f
1
1 and f
ij
4 . So
Fig. 2.
Y. Yokomizo / Topology and its Applications 120 (2002) 385–396 389
we have only to check for f 12 and f
12
3 . In other words, it suffices to show that each element
of the G-orbit of{
t1I , t
12
III , t
12
V , t
123
VII , t
123
VIII, t
1234
X ,2t
12
II ,2t12IV ,2t12VI,2t123IX , t
12
II−IV, t123II−IX, t123VI∗
}
maps to a linear combination of elements of B under the actions of f i2 and f
ij
3 (i < j ).
Since twice of any element belongs to Im τ2, we can compute in T ⊗ Z2. Furthermore,
computing the action of f i2 is not essential if the index i is greater than the maximal index
of t ∈ B , where t = t1I , t12III , etc. Similarly, it is not necessary to consider f ij3 if the index
j is greater than the maximal index +1. Now it is just a routine to compute the remaining
part, which completes the proof. ✷
Corollary 2.2. The cokernel T / Im τ2 ∼= Z⊕r2 of τ2 has a basis{
t
ij
II , t
ij ′
II , t
i′j
II , t
i′j ′
II , t
k,k+1
VI | 1 i < j  g, 1 k  g− 1
}
and the rank r is given by
r = (g − 1)(2g+ 1).
Remark. Although the indices greater than 3 appear in the above argument, we can easily
see that the proof is still valid in the cases g = 2,3, ignoring the expressions containing
such indices.
3. The Birman–Craggs homomorphism and an alternative proof
In this section, we observe the relationship between τ2 and the Birman–Craggs
homomorphism. The following argument gives an alternative proof of the proposition in
the previous section. Throughout this section, we assume that g  3.
First we recall the Birman–Craggs homomorphism, defined in [2,6]. Let Σg be a closed
oriented surface of genus g and fix an inclusion Σg,1 →Σg . Note that representatives of
any element ofMg,1 can be regarded as diffeomorphisms of Σg , extending by the identity.
If h :Σg → S3 is a Heegaard embedding, then we obtain a homology 3-sphere M(h,ϕ) for
each ϕ ∈ Ig,1, by splitting S3 along h(Σg) into two handlebodies and reglueing one to
another along their boundaries by the map ϕ. Consider the Rohlin invariant µ(h,ϕ) ∈ Z2
of M(h,ϕ). Let ωh be an Sp-quadratic form on H1(Σg,1;Z2) induced by the Z2-valued
self-linking form on h∗H1(Σg,1;Z2) and let Ω be the affine space of all Sp-quadratic
forms on H1(Σg,1;Z2). Since ωh belongs to Ω and the invariant µ(h,ϕ) depends only
on ωh and ϕ, we can write µ(ω,ϕ) for the above invariant. Moreover, there exists a
Heegaard embedding h such that ω = ωh for each ω ∈ Ω . Johnson proved in [6] that
the correspondence σ(ϕ) :ω →µ(ω,ϕ) is represented by a certain Boolean polynomial of
degree 3 and defined the Birman–Craggs homomorphism
σ :Ig,1 →B3
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by the correspondence ϕ → σ(ϕ), where Br denotes the Z2-vector space of Boolean
polynomial functions on Ω of degree  r . He also showed that σ(ϕ) ∈ B2 if ϕ ∈ Kg,1
in [6] and that the restriction of σ on Kg,1 gives an isomorphism
Kg,1/[Ig,1,Ig,1] ∼= B2
in [10]. Since the rank of B2 is computed as
rankB2 =
2∑
i=0
(
2g
i
)
= 2g2 + g+ 1,
we have
Kg,1/[Ig,1,Ig,1] = Z⊕(2g
2+g+1)
2 .
On the other hand, we have two exact sequences
Kg,1 → T → Z⊕r2 → 0,
[Ig,1,Ig,1]→ T → Z⊕r ′2 → 0,
independently to the result of the previous section, where the latter is given by the
restriction of τ2 on the commutator subgroup [Ig,1,Ig,1] of the Torelli group and the rank
r ′ of the cokernel is obtained as follows.
Proposition 3.1. τ2([Ig,1,Ig,1]) is generated by B ′, where B ′ is the G-orbit of{
t
ij
III, t
ijk
VII, t
ijk
VIII, t
ijkl
X ,2t
i
I ,2t
ij
II ,2t
ij
IV,2t
ij
V ,2t
ij
VI,2t
ijk
IX ,
t ikV + tjkV , t ijII−IV + tj iII−IV, t ijII−IV + t ijkII−IX, t ijkVI∗ |
i, j, k, l ∈ {1,2, . . . , g}, i = j = k = l, j = l = i = k}.
Proof. Since the Johnson homomorphisms give an embedding
τ :
⊕
k1
M(k)/M(k+ 1)→
⊕
k1
hk
of graded Lie algebras over Z, where hk denotes the kernel of a natural projection
Lk+1 ⊗H →Lk+2 (see [12]), we can compute
τ2
([Ig,1,Ig,1])= [τ1(Ig,1), τ1(Ig,1)]= [Λ3H,Λ3H ]
explicitly, using Morita’s bracket operation. This completes the proof. ✷
Corollary 3.2. The cokernel T /τ2([Ig,1,Ig,1])∼= Z⊕r ′2 of τ2 has a basis{
t lI , t
∗l
V , t
∗l′
V , t
ij
II , t
ij ′
II , t
i′j
II , t
i′j ′
II , t
ij
IV, t
ij ′
IV , t
i′j
IV , t
i′j ′
IV , t
k,k+1
VI |
1 i < j  g, 1 k  g − 1, 1 l  g}
and the rank r ′ is given by
r ′ = (2g− 1)(2g+ 1).
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Thus we can naturally define a surjective homomorphism
τ 2 :Kg,1/[Ig,1,Ig,1]→ Z⊕(r ′−r)2 .
Morita proved the fact that the Johnson homomorphism loses the constant term B0 of B2
in [11], which implies that the above map τ 2 has at least 1-dimensional kernel. Therefore,
we can estimate the rank r ′ − r of the image of τ 2 as
r ′ − r  g(2g + 1).
By this inequality and Corollary 3.2, we have
r  (g − 1)(2g+ 1)
and this allows us to omit the tedious computation in the proof of Proposition 2.1, proving
that B generates an Sp(2g;Z)-invariant submodule of T .
Consequently, we have
r ′ − r = g(2g + 1)
and hence τ 2 has exactly 1-dimensional kernel σ−1(B0). This shows that the correspon-
dence τ2 ◦ σ−1 gives an isomorphism
B2/B0 ∼= τ2(Kg,1)/τ2
([Ig,1,Ig,1]).
In the rest of this section, we describe this isomorphism explicitly. Define a ∈B1 by
a(ω)= ω(a) (ω ∈Ω)
for each a ∈H1(Σg,1;Z2) as in [6]. We can take a set{
akbk, aiaj , aibj , biaj , bibj , ak, bk | 1 i < j  g, 1 k  g
}
as a basis of B2/B0. On the other hand, from Propositions 2.1 and 3.1, we obtain a basis{
tkI , t
ij
II−IV, t
ij ′
II−IV, t
i′j
II−IV, t
i′j ′
II−IV, t
∗k
V , t
∗k′
V | 1 i < j  g, 1 k  g
}
of τ2(Kg,1)/τ2([Ig,1,Ig,1]).
Proposition 3.3. The isomorphism
τ2 ◦ σ−1 :B2/B0 ∼= τ2(Kg,1)/τ2
([Ig,1,Ig,1])
is given by the correspondence
akbk → tkI ,
aiaj → t ijII−IV, aibj → t ij
′
II−IV, biaj → t i
′j
II−IV, bibj → t i
′j ′
II−IV,
ak → t∗kV , bk → t∗k
′
V
(1 i < j  g, 1 k  g).
Proof. Johnson proved in [6] that σ(ϕ1)= a1b1 and this shows that
τ2 ◦ σ−1
(
a1b1
)= t1I .
The fact that the action of f ∈ Sp(2g;Z2) on Br is given by f a = f a and the relation
a + b= a + b+ a · b show the desired correspondence. This completes the proof. ✷
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4. An action of the finite symplectic group
Since Im τ2 is Sp(2g;Z)-invariant, there is a well-defined action of Sp(2g;Z) on
T / Im τ2 ∼= Z⊕r2 . In other words, we have a representation
R : Sp(2g;Z)→ SL(r;Z2).
We use the basis of Z⊕r2 as in Corollary 2.2. For each
X =


x11 · · · x1g x11′ · · · x1g′
...
. . .
...
...
. . .
...
xg1 · · · xgg xg1′ · · · xgg′
x1′1 · · · x1′g x1′1′ · · · x1′g′
...
. . .
...
...
. . .
...
xg′1 · · · xg′g xg′1′ · · · xg′g′


∈ Sp(2g;Z),
we write as follows to describe entries of Y =R(X):
Y
(
t
ij
II
) = ∑
1µ<νg
(
yijµνt
µν
II + yijµν ′ tµν
′
II + yijµ′νtµ
′ν
II + yijµ′ν ′ tµ
′ν ′
II
)
+
∑
1λg−1
y
ij
λ t
λ,λ+1
VI ,
Y
(
t
ij ′
II
) = ∑
1µ<νg
(
yij
′
µνt
µν
II + yij
′
µν ′ t
µν ′
II + yij
′
µ′νt
µ′ν
II + yij
′
µ′ν ′ t
µ′ν ′
II
)
+
∑
1λg−1
y
ij ′
λ t
λ,λ+1
VI ,
Y
(
t
i′j
II
) = ∑
1µ<νg
(
yi
′j
µν t
µν
II + yi
′j
µν ′ t
µν ′
II + yi
′j
µ′νt
µ′ν
II + yi
′j
µ′ν ′ t
µ′ν ′
II
)
+
∑
1λg−1
y
i′j
λ t
λ,λ+1
VI ,
Y
(
t
i′j ′
II
) = ∑
1µ<νg
(
yi
′j ′
µν t
µν
II + yi
′j ′
µν ′ t
µν ′
II + yi
′j ′
µ′ν t
µ′ν
II + yi
′j ′
µ′ν ′ t
µ′ν ′
II
)
+
∑
1λg−1
y
i′j ′
λ t
λ,λ+1
VI ,
Y
(
t
k,k+1
VI
) = ∑
1µ<νg
(
ykµνt
µν
II + ykµν ′ tµν
′
II + ykµ′νtµ
′ν
II + ykµ′ν ′ tµ
′ν ′
II
)
+
∑
1λg−1
ykλt
λ,λ+1
VI .
Proposition 4.1. For each X ∈ Sp(2g;Z), the entries of Y =R(X) are given by
yijµν =
∣∣∣∣xµi xµjxνi xνj
∣∣∣∣,
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y
ij
λ =
∑
µλ
νλ+1
(∣∣∣∣xµi xµjxνi xνj
∣∣∣∣
∣∣∣∣xµ′i xµ′jxν ′i xν ′j
∣∣∣∣+
∣∣∣∣ xµi xµjxν ′i xν ′j
∣∣∣∣
∣∣∣∣xµ′i xµ′jxνi xνj
∣∣∣∣
)
,
ykµν =
(∣∣∣∣xµk xµk′xνk xνk′
∣∣∣∣+
∣∣∣∣xµ,k+1 xµ,(k+1)′xν,k+1 xν,(k+1)′
∣∣∣∣
)
,
ykλ =
∑
µλ
νλ+1
(∣∣∣∣xµk xµ,k+1xνk xν,k+1
∣∣∣∣
∣∣∣∣xµ′k′ xµ′,(k+1)′xν ′k′ xν ′,(k+1)′
∣∣∣∣
+
∣∣∣∣xµk′ xµ,(k+1)′xνk′ xν,(k+1)′
∣∣∣∣
∣∣∣∣xµ′k xµ′,k+1xν ′k xν ′,k+1
∣∣∣∣
+
∣∣∣∣ xµk xµ,k+1xν ′k xν ′,k+1
∣∣∣∣
∣∣∣∣xµ′k′ xµ′,(k+1)′xνk′ xν,(k+1)′
∣∣∣∣
+
∣∣∣∣ xµk′ xµ,(k+1)′xν ′k′ xν ′,(k+1)′
∣∣∣∣
∣∣∣∣xµ′k xµ′,k+1xνk xν,k+1
∣∣∣∣
)
,
where the indices i , j , µ, ν of x are replaced with those with primes if the corresponding
indices of y are with primes.
Proof. It suffices to check the cases of four types yijµν , ykµν , y
ij
λ , y
k
λ of entries and others
with primes are computed similarly. First we compute yijµν , which is a sum of coefficients
of tµνII , t
µν
IV , t
νµ
IV , t
λµν
IX , t
λνµ
IX (λ = µ,ν) in
Y
(
t
ij
II
)=
((
g∑
λ=1
(xλiaλ + xλ′ibλ)
)
∧
(
g∑
λ=1
(xλjaλ + xλ′j bλ)
))⊗2
.
Using the symplectic condition, we have
yijµν = (xµixνj + xµjxνi)2
+ (xµixνj + xµjxνi)(xµixµ′j + xµjxµ′i )
+ (xµixνj + xµjxνi)(xνixν ′j + xνjxν ′i )
+
∑
λ =µ,ν
(xµixλj + xµjxλi)(xνixλ′j + xνjxλ′i )
+
∑
λ =µ,ν
(xµixλ′j + xµjxλ′i )(xνixλj + xνjxλi)
= (xµixνj + xµjxνi)
+ (xµixνj + xµjxνi)(xµixµ′j + xµjxµ′i + xνixν ′j + xνjxν ′i )
+
∑
λ =µ,ν
(xµixνj + xµjxνi)(xλixλ′j + xλjxλ′i )
= (xµixνj + xµjxνi)+ (xµixνj + xµjxνi)
(
g∑
λ=1
(xλixλ′j + xλjxλ′i )
)
=
∣∣∣∣xµi xµjxνi xνj
∣∣∣∣.
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Similarly, we can compute ykµν as
ykµν = (xµkxµ′,k+1 + xµ,k+1xµ′k)(xµk′xν,(k+1)′ + xµ,(k+1)′xνk′)
+ (xµk′xµ′,(k+1)′ + xµ,(k+1)′xµ′k′)(xµkxν,k+1 + xµ,k+1xνk)
+ (xνkxν ′,k+1 + xν,k+1xν ′k)(xµk′xν,(k+1)′ + xµ,(k+1)′xνk′)
+ (xνk′xν ′,(k+1)′ + xν,(k+1)′xν ′k′)(xµkxν,k+1 + xµ,k+1xνk)
+
∑
λ =µ,ν
{
(xµkxλ,k+1 + xµ,k+1xλk)(xνk′xλ′,(k+1)′ + xν,(k+1)′xλ′k′)
+ (xµk′xλ,(k+1)′ + xµ,(k+1)′xλk′)(xνkxλ′,k+1 + xν,k+1xλ′k)
}
+
∑
λ =µ,ν
{
(xµkxλ′,k+1 + xµ,k+1xλ′k)(xνk′xλ,(k+1)′ + xν,(k+1)′xλk′)
+ (xµk′xλ′,(k+1)′ + xµ,(k+1)′xλ′k′)(xνkxλ,k+1 + xν,k+1xλk)
}
= (xµkxνk′ + xνkxµk′)
(
g∑
λ=1
(xλ,k+1xλ′,(k+1)′ + xλ,(k+1)′xλ′,k+1)
)
+ (xµkxν,(k+1)′ + xνkxµ,(k+1)′)
(
g∑
λ=1
(xλ,k+1xλ′k′ + xλk′xλ′,k+1)
)
+ (xµ,k+1xνk′ + xν,k+1xµk′)
(
g∑
λ=1
(xλkxλ′,(k+1)′ + xλ,(k+1)′xλ′k)
)
+ (xµ,k+1xν,(k+1)′ + xν,k+1xµ,(k+1)′)
(
g∑
λ=1
(xλkxλ′k′ + xλk′xλ′k)
)
=
∣∣∣∣xµk xµk′xνk xνk′
∣∣∣∣+
∣∣∣∣xµ,k+1 xµ,(k+1)′xν,k+1 xν,(k+1)′
∣∣∣∣.
Finally, recalling the relation tµνVI =
∑ν−1
λ=µ t
λ,λ+1
VI in T / Imτ2, we can easily check the cases
y
ij
λ and ykλ . This completes the proof. ✷
Remark. If g = 2, then Y =R(X) has simpler form. Actually, we can show that
y112 = y112′ = y11′2 = y11′2′ = 0, y11 = 1
as follows. From the above proposition, we have
y112 =
∣∣∣∣x11 x11′x21 x21′
∣∣∣∣+
∣∣∣∣x12 x12′x22 x22′
∣∣∣∣
and this vanishes because X is symplectic and hence tX is. Similarly, y112′ , y
1
1′2 and y
1
1′2′
also vanish. For y11 , using the symplectic condition∣∣∣∣ x11 x12x1′1 x1′2
∣∣∣∣+
∣∣∣∣ x21 x22x2′1 x2′2
∣∣∣∣=
∣∣∣∣ x11′ x12′x1′1′ x1′2′
∣∣∣∣+
∣∣∣∣ x21′ x22′x2′1′ x2′2′
∣∣∣∣= 0,
we have
y11 = |X| −
(∣∣∣∣ x11 x12x1′1 x1′2
∣∣∣∣
∣∣∣∣ x21′ x22′x2′1′ x2′2′
∣∣∣∣+
∣∣∣∣ x21 x22x2′1 x2′2
∣∣∣∣
∣∣∣∣ x11′ x12′x1′1′ x1′2′
∣∣∣∣
)
= 1.
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Lemma 4.2. The representation R is trivial on the kernel of the natural projection
π : Sp(2g;Z)→ Sp(2g;Z2).
Proof. If X ∈ Kerπ , xij ′ and xi′j are even for all i, j and xij and xi′j ′ are odd if and only
if i = j . Substituting these values to the formula in Proposition 4.1, we find that all entries
of Y =R(X) vanish except for
y
ij
ij = yij
′
ij ′ = yi
′j
i′j = yi
′j ′
i′j ′ = ykk = 1.
This completes the proof. ✷
Remark. Surjectivity of π follows from the fact that Sp(2g;Z2) is generated by
elementary transvections (see [13]), which clearly can be lifted to Sp(2g;Z).
Consequently, we obtain the following result.
Theorem 4.3. The finite symplectic group Sp(2g;Z2) acts on the cokernel T / Im τ2 ∼=
Z
⊕(g−1)(2g+1)
2 of τ2 and the following diagram commutes:
Kg,1 τ2
ϕ∗
T
ρ0(ϕ)
Z
⊕(g−1)(2g+1)
2
πρ0(ϕ)
0
Kg,1 τ2 T Z⊕(g−1)(2g+1)2 0
where ϕ∗ is the conjugate action of ϕ ∈Mg,1.
Remark. There are some works on the rational image Im τk ⊗ Q of the Johnson
homomorphism τk using the representation theory of Sp(2g;Q), for example, the structure
of Im τ3 ⊗Q is determined in [1,3]. However, except for our result for k = 2 in the present
paper, no answers are given for the following question: what kinds of torsion parts exist in
the cokernel of τk?
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